Abstract. Charles Conley has shown that for a flow on a compact metric space, a point x is chain recurrent if and only if any attractor which contains the w-limit set of x also contains x. In this paper we show that the same statement holds for a continuous map of a compact metric space to itself, and additional equivalent conditions can be given. A stronger result is obtained if the space is locally connected. It follows, as a special case, that if a map of the circle to itself has no periodic points then every point is chain recurrent. Also, for any homeomorphism of the circle to itself, the chain recurrent set is either the set of periodic points or the entire circle. Finally, we use the equivalent conditions mentioned above to show that for any continuous map / of a compact space to itself, if the non-wandering set equals the chain recurrent set then / does not permit fi-explosions. The converse holds on manifolds.
Introduction
This paper is concerned with properties of chain recurrent points and the chain recurrent set for continuous maps. Throughout the paper, we let X denote a compact metric space (with metric d),/denote a continuous map from X to itself, and R(f) denote the chain recurrent set (defined in § 2).
Our first result (proved in § 2) gives some necessary and sufficient conditions for a point x € X to be chain recurrent. Before stating this result we recall a few definitions. If Y is a subset of X we set (
<»(Y)=r)(\Jf k (Y)
).
1) xtR(f). (2) There is an open set U with xiU, f(x) e U, andf( U)c U. (3) There is an open set U with xiU, f(x) e U, andf{ U) <= U.
The implication (1)=>(5) of theorem A says that unless every point is chain recurrent there is a proper subset K of X which is an attractor. In general, as an example in § 3 shows, there need not exist a connected attractor, even for an iterate of / However, if X is locally connnected, we have the following.
THEOREM B. Suppose X is locally connected and x e X. The following are equivalent.
(0 xtR(f). In the special case where X is the circle either statement (2) or (3) of corollary C immediately implies the existence of a periodic point. Thus we obtain the following.
COROLLARY D. Iff is a continuous map of the circle to itself with no periodic points then every point is chain recurrent.
Corollary D could also be proved by using the result of Auslander and Katznelson given in [1] . Using corollary D we prove the following result for homeomorphisms of the circle.
COROLLARY E. Iff is a homeomorphism of the circle to itself, then R(f) is either the circle or the set of periodic points.
Chain recurrent set
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The final section of the paper ( § 4) deals with explosions of the chain recurrent set and the non-wandering set. Let C(X, X) denote the space of continuous maps from X to itself with the uniform topology. We say / does not permit R-explosions if for every e > 0 there is a neighbourhood N(f) in C(X, X) such that if g e N(f) then for any x e R(g), d(x, R(f)) < e. The expression '/does not permit ft-explosions' is defined analogously. We emphasize that here we are looking at the C° topology and C° explosions. Using theorem A, we prove: THEOREM F. Iffis any continuous map of a compact metric space X to itself, thenf does not permit R-explosions.
As an immediate corollary we have:
In general the converse of corollary G may be false as an example in § 4 shows. However, using a form of the closing lemma in the case where X is a manifold we obtain:
THEOREM H. IfX is a compact topological manifold then il{f) = R(f) if and only if f does not permit il-explosions.
Corollary G and theorem H extend similar results proved in other settings (see [10] , [11] , [13] , and [14] ). The authors would like to thank David Hart, Zbigniew Nitecki, and R. Clark Robinson for helpful conversations relating to this work.
Proof of theorem A
We first review some terminology and notation. Recall X denotes a compact metric space and / denotes a continuous map from X to itself. If xeX and j e X a n e-chain from x to y is a finite sequence of points {x 0 , x,,..., x n } of X with x = x 0 , y = x m and d(/(Xj_,), x t ) < e for i = 1,..., n. We let R e (x) denote the set of y e X such that there is an e-chain from x to y. We say x can be chained to y if y e R e (x) for every e > 0, and x is chain recurrent if x can be chained to x. The set of all chain recurrent points is denoted by R(f). Finally, we say a subset Y of X is positively chain invariant if for every yeY and xeX\Y, y cannot be chained to x. LEMMA 
Let x e X and e>0. R e (x) is an open positively chain invariant set with
Proof. It follows easily from the definitions that R e (x) is open and positively chain invariant. We show that f(R e (x)) <= J? £ (x). Let j > e R e (x). There is a 8 >0 with 8 < e
with d(y, z) < 8. Let {x 0 ,..., x n } be an e-chain from x to z. Then {x 0 ,..., x m f{y)} is an e-chain from x to f(y), so f(y) e R e {x). Thus f{R e (x)) <= R e (x).
• We will use the following lemma from [2] . 
(3)=»(1). By (5)=>(1) of theorem A, x<£ R(f n ) = R(f). D
The proof of corollary C may easily be obtained by the reader. We remark, however, that this corollary (and theorem B as well) may be false if X is not locally connected. To see this, we construct an example of a homeomorphism / denned on a subset X of the plane. Let S 1 denote the unit circle on the plane and let h: S l -> S 1 denote the Denjoy homeomorphism ( [6] , [9] ). Let K denote the non-wandering set of h, and recall that K is homeomorphic to the Cantor set.
Let X consist of all points (r, 0) in the plane, in polar coordinates, with 0 < r < l , and (1, 6) e K. In other words, X consists of the set K together with the line segments drawn from each point of K to the origin. Note that X is compact and connected, but not locally connected. We define a homeomorphism f:X->X by f{r,d) = (vr, h{6) ). Then K is an attractor for/ and by theorem A, R{f) consists of the set K and the origin (which is a fixed point). Thus, for this example, statement (1) of corollary C holds, but neither (2) nor (3) holds.
COROLLARY E. Iffis a homeomorphism of the circle to itself, then R(f) is either the circle or the set of periodic points.
Proof. Let S' denote the circle. If every point of S 1 is periodic, then the conclusion is immediate, so we may assume that the set of periodic points of/, which we denote by P(f), is a proper subset of S 1 . If P(f) = 0 , the conclusion follows from corollary D, so we may assume that P(f) T 6 0 . Since the periodic points of a homeomorphism of S 1 have at most two different periods (see [9] ) and R(f) = R(f"), we may assume that P(f) consists entirely of fixed points of / Also, again replacing / by f 2 if necessary, we may assume that/ maps each component of
there is a direction, either clockwise or counterclockwise, such that / moves each point in V in the specified direction. is less than y). Define/, on K by/ 2 (0, l) = (0, l),/ 2 (0,-1) = (0,-l),/ 2 (0,1-(l/n)) = ( 0 , 1 -( 1 / n + l ) ) for each . positive integer n, and / 2 (0, -1 +(l/n)) = (0, -1 + (l/n -1)) for each integer n >2. There is a unique m a p / from X to itself such that f\ S' =/, and / | K =/ 2 , and / is a homeomorphism of the compact metric space X to itself. Note that R{f) = X while fl(/) = {(0,1), (0, -1)}. The reader can verify that / does not permit fl-explosions.
The converse to corollary G is true on topological manifolds. To prove this we need an appropriate closing lemma for our setting. We give a simple proof, similar to the proof for homeomorphisms given in [13] (see also [5] ). Proof. It is shown in [11] that the conclusion holds if the dimension of M is at least two. In fact, in this case h can be chosen to be a homeomorphism (a diffeomorphism if M is smooth). In the one-dimensional case one easily constructs the map h by sending p, to q { and extending to a piecewise linear map. In this case, of course, h can not always be chosen to be a homeomorphism.
• • Theorem H now follows immediately from corollary G and lemma 5.
